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PRO-HALL R-GROUPS AND GROUPS DISCRIMINATED BY THE FREE
PRO-p GROUP.
MONTSERRAT CASALS-RUIZ, ILYA KAZACHKOV, AND VLADIMIR REMESLENNIKOV
To the memory of Oleg Melnikov.
Abstract. In this note we introduce pro-Hall R-groups as inverse limits of Hall R-groups and
show that for the binomial closure Sbin of any ring S discriminated by Zp, the free pro-Hall
Sbin-group F(A,Sbin) is fully residually free pro-p. Furthermore, we prove that any finite set of
elements in F(A, Sbin) defines a pro-p subgroup and so an irreducible coordinate group over the
free pro-p group.
1. Introduction
The class of limit groups arises naturally in many different aspects of the theory of free groups and
is fundamental in their model-theoretic study. Its versatile nature is reflected in the rich charac-
terisation that this class admits: from the viewpoint of model theory, they are finitely generated
models of the universal theory of a free group; from the group-theoretic perspective, limit groups
are simply finitely generated fully residually free groups; in universal algebra, they are finitely gen-
erated subgroups of the ultrapower of a free group; in algebra-geometric terms, they are coordinate
groups of irreducible algebraic sets over a free group. We refer the interested reader to [DMR08] for
a detailed discussion of these and some of the other characterisations of the class of limit algebras
over an algebraic structure.
In 1960, Lyndon while studying one variable equations over the free group, introduced the expo-
nential group F Z[t] and showed that this group is fully residually free, [L60]. Hence, the group F Z[t]
provided a wealth of example of limit groups and was the first tool for their systematic study. In
1996, Miasnikov and Remeslennikov gave a description of the exponential group as iterated sequence
of free extensions of centralisers. This description uncovered a very robust algebraic structure of
the finitely generated subgroups of the exponential group: they are built from free abelian groups of
finite rank by taking free products, and amalgamated products and separated HNN-extensions with
abelian amalgamated subgroups. Furthermore, in the same paper, the authors conjectured that the
exponential group F Z[t] was a universe for all limit groups over a free group or, in other words,
that any finitely generated fully residually free group was a subgroup of F Z[t]. This conjecture was
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proven in 1998 by Kharlampovich and Miasnikov, see [KM98], and later, using different methods,
by Sela, and by Champetier and Guirardel.
In [KZ11], Kochloukova and Zalesskii begun a study of pro-p-analogues of limit groups. Since
the usual combinatorial and geometric techniques can not be applied for pro-p groups, the authors
approach pro-p analogues of limit groups via their algebraic characterisation as subgroups of iterated
sequences of extensions of centralisers. More concretely, they define the class of pro-p groups L as
the class that contains finitely generated pro-p subgroups of sequences of extensions of centralisers
performed in the category of pro-p groups starting with a finitely generated free pro-p group.
However, as the authors point out, it is not known whether the class of pro-p groups L contains
only fully residually free pro-p groups and whether it contains all finitely generated fully residually
free pro-p groups.
The main goal of this note is to present an alternative approach to the study of limit groups over
free pro-p groups via an analogue of Lyndon’s exponential group. More precisely, we introduce a
new class of groups F(A,R), called the free pro-Hall R-groups as inverse limits of Hall R-groups and
show that for the binomial closure Sbin of any ring S (or Zp-algebra) discriminated by Zp, the free
pro-Hall Sbin-group F(A,Sbin) is fully residually free pro-p. Furthermore, we note that any finite
set of elements in F(A,Sbin) explicitly defines a pro-p subgroup of F(A,Sbin) and so an irreducible
coordinate group over a free pro-p group.
In the particular case when the ring S is universal for the class of finitely generated fully residually
Zp rings (i.e. S is fully residually Zp and any finitely generated Zp-algebra discriminated by Zp is
a subring of S) any finitely generated pro-p subgroup of the free pro-Hall Sbin-group F(A,Sbin) is
fully residually free pro-p and we conjecture that the converse also holds, that is, any irreducible
coordinate group over a free pro-p group is a subgroup of F(A,Sbin).
2. Basics on algebraic geometry over pro-p groups
Basics of algebraic geometry over arbitrary algebraic structures were established in [DMR08]. In
this section we adjust these basic notions to the case of pro-p groups and refer the reader to
[DMR08, DMR11] and [M10, Af14] for further details.
Let Gr(p) be the category of pro-p groups. Objects in the category Gr(p) are groups which are
inverse limits of an inverse system of discrete finite p-groups with the spectral topology and mor-
phisms are continuous (in the spectral topology) homomorphisms of groups. Let F = F(X) be the
free object of this category, that is F(X) is a free pro-p group with (finite) basis X .
We fix a pro-p group G and introduce the notion of a G-group. A pro-p group H is called a G-group
if it contains a designated copy of G, which we identify with G. More precisely, a pro-p group H is
a pro-p group together with an embedding α : G→ H . A morphism or G-homomorphism ϕ from a
G-pro-p group H1 to a G-pro-p group H2 is a homomorphism of pro-p groups which is the identity
on G.
Obviously, G-pro-p groups form a category that we denote by GrG(p). Observe that the group
G[[X ]] = G ∗p F(X), where ∗p denotes the free product in the category Gr(p), is the free object
(with basis X = {x1, . . . , xn}) in the category GrG(p).
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A formal equality f = 1, where f ∈ G[[X ]] can be treated as an equation over G. Similarly, any
subset S ⊂ G[[X ]] can be treated as a system of equations with coefficients in G. Note that in
contrast with the case of abstract groups the left side of an equation is not necessarily a group word
over G in variables X = {x1, . . . , xn}.
Naturally, an element g = (g1, . . . , gn) ∈ G
n is a solution of f ∈ G[[X ]] if
f(g) = f(g1, . . . , gn) = 1.
Similarly, a point g ∈ Gn is a solution of a system S if every polynomial from S vanishes at g. We
denote the algebraic set defined by S, that is the set of all solutions of S, by VG(S).
Let g = (g1, . . . , gn) ∈ VG(S). Denote by ϕg the G-homomorphism from G[[X ]] to G induced by
the map xi 7→ gi. Note that the set of solutions is in one-to-one correspondence with the set of
homomorphisms ϕ : G[[X ]]→ G so that S ⊂ kerϕ, or equivalently, with the set of homomorphisms
from G[[X ]]/ncl(S) to G.
The set of all solutions of an equation f = 1 is closed in the pro-p topology on Gn since it is the
pre-image of the identity under the map (g1, . . . , gn) 7→ f(g1, . . . , gn) from G
n to G. On the other
hand, any algebraic set V is also closed in the pro-p topology since it is the intersection of closed
sets corresponding to solutions of the equation.
The set Gn can be endowed with the Zariski topology by taking all algebraic sets as a pre-basis of
closed sets. The Zariski topology is weaker than the pro-p topology. Recall that a Zariski-closed
set is called irreducible if it can not be written as a union of two proper closed subsets.
We set
rad(VG(S)) =
⋂
g∈VG(S)
kerϕg.
It is immediate to check that rad(VG(S)) is a normal subgroup of G[[X ]] and it is closed in the pro-p
topology as it is the intersection of kernels of the corresponding epimorphisms. The factor group
Γ(S) = Γ(VG(S)) of G[[X ]] by the radical rad(VG(S)) is called the coordinate group associated to
S and is a pro-p group. It follows immediately from the definition that the coordinate group Γ(S)
contains a copy of G and is residually G. A coordinate group is called irreducible if so is V .
A universal G-sentence over G is a sentence of the form:
∀x1, . . . , xnΦ(X),
where Φ(X) is a disjunction of conjunctions of finitely many equations and inequations of the form
v(X) = 1 or u(X) 6= 1, where u, v ∈ G[[X ]]. Similarly, one defines existential G-sentences. Two pro-
p G-groups are called universally (existentially) equivalent if they satisfy the same set of universal
(existential) G-sentences. Note that in contrast with the case of abstract groups, we enlarge the
collection of terms and, in general, a term is not necessarily a group word over G in variables X .
Recall that if A and B are two pro-p G-groups, then A is said to be fully residually B or discriminated
by B if and only if for any finite subset of elements C ⊂ A there exists a G-homomorphism A→ B
which is injective on C.
The following result is a reformulation of [DMR11, Theorem A, Theorem B and Remark 6.4] in our
setting, see also [M10] and [Af14, Section 1.5]. Its proof is analogous to the one given in [DMR11]
and we omit it.
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Theorem 2.1 (see Theorem A, Theorem B and Remark 6.4 in [DMR11]). For a finitely generated
pro-p G-group H the following conditions are equivalent:
1) H is G-discriminated by G;
2) H is the coordinate algebra of an irreducible algebraic set over G.
If H satisfies either of the above conditions, then the following equivalent statements hold
3) G ≡∀,G H;
4) G ≡∃,G H;
5) H G-embeds into the ultrapower of G.
Hence, one way to understand irreducible coordinate groups over a pro-p group G is to study the
class of pro-p groups discriminated by G.
Remark 2.2. Note that if the groupG is equationally Noetherian, i.e. the Zariski topology onGn is
Noetherian for all n, then all the statements 1)-5) of Theorem 2.1 are equivalent. One can show, see
[Af14, Corollary 1.1], that free nilpotent and metabelian pro-p groups are equationally Noetherian.
However, we do not know whether or not the free pro-p group is equationally Noetherian.
3. Binomial Closure
The main goal of this section is to prove that the binomial closure of any ring discriminated by Zp
is fully residually Zp. We first recall the definition of a binomial ring, see [H57, E06].
Definition 1. A ring R is called binomial if R is a domain of characteristic 0 and for any element
λ ∈ R and any natural number n, the ring R contains the following element (binomial coefficient):
Cnλ =
λ(λ − 1)(λ− 2) · · · (λ− n+ 1)
n!
.
Note that fields of characteristic zero, the ring of polynomials over such fields, the integers and the
p-adic integers are binomial rings.
Definition 2. Let R be a domain of characteristic 0. Consider the copy of Z in R generated by
the unit of R and let Z−1R = L be the localisation of Z in R, see [B89] for details.
Define Rbin recursively as follows. Let R = R0 < L, suppose that Ri < L is already defined and
define Ri+1 as follows
Ri+1 = 〈Ri, C
α
n | α ∈ Ri rRi−1〉 < L.
Set lim
−→
Ri = R
bin
Lemma 3.1.
(1) The binomial closure Rbin is a binomial ring containing R;
(2) The binomial closure Rbin satisfies the following universal property. For any binomial ring
S and any homomorphism φ from R to S there exists a unique homomorphism φ′ : Rbin → S
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which makes the following diagram commutative:
R _
id

φ
// S
Rbin
φ′
;;
✇
✇
✇
✇
✇
✇
✇
✇
In addition, if φ is injective, then so is φ′.
Proof. To see the first statement it suffices to note that for any x ∈ Rbin there exists i ∈ N so that
x ∈ Ri. Hence, by definition, the binomial coefficients C
n
x are elements of Ri+1 and so R
bin is a
binomial ring.
Without loss of generality, we assume that φ is non-trivial. Let S¯ be the field of fractions of S and
consider the homomorphism φ′′ = id ◦ φ : R → S¯. Since φ′′ is a non-trivial homomorphism and so
injective on Z, it follows that every element of Z is sent to a non-trivial element and hence a unit
of S¯. Therefore, by the universal property of the localisation, we have that the homomorphism φ
extends to a unique homomorphism φ¯ : L→ S¯. We have the following commutative diagram:
R _
id

φ
// S
id

Rbin _
id

S _
id

L
φ¯
// S¯.
We next show that the restriction φ′ = φ¯|Rbin from R
bin to S¯ has image in S, that is φ¯|Rbin(R
bin) <
S < S¯.
For any element x ∈ Rbin there exists i ∈ N so that x ∈ Ri, x /∈ Ri−1. By definition of Ri, it follows
that for any such x there exist a finite tuple of elements {Cβ1n1 , . . . , C
βk
nk
}, where βi ∈ Ri−1 so that
x can be written as a polynomial expression in this set with coefficients in R.
Clearly, φ¯|Rbin(R0) < S since by definition φ¯|Rbin(R0) = φ(R). Assume by induction that for all
y ∈ Rj , j < i, we have that φ¯|Rbin(y) ∈ S. Since by induction φ¯|Rbin(βm) ∈ S and S is a binomial
ring, it follows that φ¯|Rbin(C
βm
nm
) ∈ S for all m = 1, . . . , k and so φ¯|Rbin(x) ∈ S, for all x ∈ Ri.
Hence, we have obtained the following commutative diagram:
R _
id

φ
// S
id

Rbin _
id

φ¯|
Rbin // S _
id

L
φ¯
// S¯.

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Hence, for any domain R of characteristic zero, the binomial closure of R is a ring which is binomial,
contains R and is minimal with these properties, i.e. if S is any binomial ring and S < R, then
Rbin < S.
Lemma 3.2. Let R and S be domains of characteristic zero, let Rbin be the binomial closure of R
and suppose that S is binomial. Suppose that R is discriminated by S by a family of homomorphisms
{φn}, then, in the notation of Lemma 3.1, R
bin is discriminated by S by the family {φ′n}.
Proof. Let M ⊂ Rbin be a finite set of elements. By definition, lim
−→
Ri = R
bin and we use induction
on i.
Firstly, note that for any finite M there exists Ri so that M ⊂ Ri. If i = 0, then since R = R0 is
discriminated by S by the family of homomorphisms {φn = φ
′
n|R0}. This establishes the base of
induction.
Suppose by induction that for any finite set M so that M ⊂ Rj , j < i there is a homomorphism in
the family {φ′n} which is injective on M and we prove the statement for M ⊂ Ri.
Any element x ∈ Ri can be written as a polynomial expression in {C
β1
n1
, . . . , Cβknk}, where βi ∈ Ri−1
and coefficients in R. Let M ′ be obtained from M by multiplying all elements of M by a large
enough integer K so that M ′ ⊂ Ri−1. Note that since the characteristic of R
bin is zero we have
that Ks = Kt if and only if s = t, where s, t ∈ Rbin are arbitrary. Hence, all elements of M ′ are
pair-wise distinct and non-zero.
By induction, there exists a homomorphism φ′ in the family {φ′n} which is injective onM
′ and maps
its elements to pairwise distinct elements of S. We show that φ′ is also injective on M . Indeed,
since φ′ is a homomorphism on Rbin, for any element M ′ ∋ m′ = Km, where m ∈ M , we have
φ′(m′) = φ′(Km) = Kφ′(m). Since the characteristic of S is zero, so φ′ is injective on M . 
4. Hall and Free Pro-Hall R-groups
In this section we introduce free pro-Hall R-groups and show that if the binomial ring R is fully
residually Zp, then the free pro-Hall R-group is fully residually free pro-p.
Definition 3. Let R be a binomial ring. A Hall R-group G is a nilpotent group together with a
function G×R→ G, (g, r) 7→ gr, g ∈ G, r ∈ R satisfying the following universal axioms:
• If g ∈ G and α ∈ R, let us denote by gα the element fα(g). Then
g0 = 1, gα+β = gαgβ, (gα)β = gαβ.
• For every x, y ∈ G and for every λ ∈ R we have y−1xλy = (y−1xy)λ.
• Let c be the nilpotency class of G. Then for every x1, . . . , xn ∈ G and for every λ ∈
R the following axiom holds: xλ1 . . . x
λ
n = (x1 . . . xn)
λτ2(X)
C2λ · · · τc(X)
Cmλ , where X =
{x1, . . . , xn} and τi(X) is the i-th Petresco word.
Recall that for any i, the i-th Petresco word is defined in the free group F on {a1, . . . , an} recursively
by the following formula:
ai1 · · · a
i
n = τ1(A)
C1i τ2(A)
C2i · · · τi(A)
Cii .
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The axioms of Hall R-groups are identities, hence they define a variety of nilpotent Hall R-groups of
class c. From general facts in universal algebra, see [M76], it follows that the notions of R-subgroup,
R-homomorphism, free Hall R-group, etc. are naturally defined.
Let F (A,R, c) be the free Hall R-group on A = {a1, . . . , an} of class c. For all c ≥ 1, there is a
natural homomorphism ψc : F (A,R, c+1)→ F (A,R, c). Given the inverse system {F (A,R, c), ψc},
we consider the inverse limit lim
←−
F (A,R, c) which we denote by F(A,R) and call the free pro-Hall
R-group.
It is well-known that the Hall basic commutators of weight less than c+ 1 form a basis of the free
Hall R-group, i.e. every g ∈ F (A,R, c) can be uniquely written as follows:
g = aα111 · · · a
α1n
n ·
n∏
i<j,i,j=1
[ai, aj ]
α2,ij · · ·
kl∏
j=1
b
αl,j
j · · ·
kc∏
j=1
b
αc,j
j ,
where αm,j ∈ R and b
αm,j
j are the Hall basic commutators of weight m.
It follows that the set of all Hall basic commutators form a basis of the free pro-Hall R-group
F(A,R), that is every element g ∈ F(A,R) can be written as an infinite product:
(1) g = aα111 · · ·a
α1n
n ·
n∏
i<j,i,j=1
[ai, aj ]
α2,ij ·
k3∏
j=1
b
α3,j
j · · · ,
where αm,j ∈ R and b
αm,j
j are the Hall basic commutators of weight m.
Remark 4.1. Observe that if R is the ring of p-adic integers Zp, then any finitely generated torsion-
free Hall R-group G is a pro-p group and the free Hall R-group F (A,R, c) is the free nilpotent pro-p
group on A. Moreover, the pro-Hall Zp-group F(A,Zp) is simply the free pro-p group with base A.
The above facts are well-known, but we were unable to find a reference. To prove these results, it
suffices to observe that if G is a finitely generated Hall Zp-group, then the quotient map Zp → Z/pnZ
gives rise to a quotient map from G to a p-group Gn. Moreover, viewing Zp as the inverse limit,
we obtain the inverse limit of groups lim
←−
Gn. One can then check that G ≃ lim←−
Gn.
Given an element g ∈ F(A,R) in the form (1) we define the l-truncation of g to be
(2) g = aα111 · · · a
α1n
n · · ·
kl∏
j=1
b
αl,j
j .
We now show that if a Zp-domain R is Zp-discriminated by Zp, then the abstract group F(A,R
bin)
is discriminated by the free pro-p group F with basis A.
Theorem 4.2. Let R be an abstract ring (or an abstract Zp-ring) and suppose that R is fully
residually Zp. Then the abstract group F(A,R
bin) is fully residually F.
Note that if R is a finitely generated ring from the universal class of Zp, then since Zp is Noetherian,
R is fully residually Zp, see [DMR08].
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Proof. By Lemma 3.1, every homomorphism φ : R→ Zp induces a homomorphism φ
′ : Rbin → Zp.
In turn, φ′ induces a homomorphism φ˜ : F(A,Rbin)→ F defined on elements of F(A,Rbin) written
in the form (1) as follows:
φ˜ :
∏
l
∏
j
b
αl,j
j 7→
∏
l
∏
j
b
φ′(αl,j)
j .
By Lemma 3.2, Rbin is discriminated by Zp. For a finite set M of elements of F(A,R
bin), there
exists K ∈ N so that the K-truncations of all elements of M are pair-wise distinct, see Equation
(2). Let N be the following finite set of elements of Rbin, N = {αl,j | l ≤ K} and let ψ be a
homomorphism from Rbin to Zp which is injective on N .
From the above observation it follows that ψ induces a homomorphism ψ˜ : F(A,Rbin) → F which
is injective on M . 
Remark 4.3. Note that even if the ring R is universally equivalent to Zp (in the usual first-order
language of rings), the free pro-Hall R-group need not be a pro-p group. Indeed, let S be the
Henselisation of Z and let Sbin be its binomial closure. Then, Sbin is universally equivalent to Zp
and so the free pro-Hall Sbin-group F(A,Sbin) is discriminated by F, but it is not a pro-p group
since all abelian subgroups of F(A,Sbin) are infinite but countable.
5. Finitely generated pro-p groups in F(A,R)
Let R be a binomial Zp-ring discriminated by Zp considered as structure of the language of rings
enriched by constants from Zp. In this case R = R
bin and R has a natural structure of a Zp-
algebra. In this section we show that for any finite tuple of elements {h1, . . . , hm} of the group
F(A) = F(A,R), there exists a finitely generated pro-p group H < F(A,R) so that h1, . . . , hm ∈ H .
Let X = {x1, . . . , xm} and let A = {a1, . . . , an} be finite alphabets. Let F = F(X) = F(X,Zp) be
the free pro-p group and let F(A) = F(A,R) be the free pro-Hall R-group.
Denote by γc+1(F(A)) and γc+1(F(X)) the c+1-th members of the lower central series of F(A) and
F(X) correspondingly. Let F(A)c = F(A)/γc+1(F(A)) and F(X)c =
F(X)/γc+1(F(X)).
We fix an m-tuple of elements (h1(A), . . . , hm(A)) from the group F(A) and let h
c
i be the image of
hi in F(A)c under the canonical projections. If hi is written in the form (1):
hi =
∏
l
∏
j
b
αl,j,i
j =
∏
l
hi,l,
then hci is the c-truncation of hi.
We define a map θc : F(X)c → F(A)c. Since for any c ≥ 1 the group F(X)c is Zp-generated by
X = {xc1, . . . , x
c
m}, it suffices to define θc on the Zp-generators of F(X)c. Set θc : x
c
i 7→ h
c
i .
Let now 〈hc1, . . . , h
c
m〉R be the Hall R- subgroup of F(A)c generated by the indicated set. Since R
is a Zp-algebra, 〈h
c
1, . . . , h
c
m〉R contains a Hall Zp-subgroup Hc = 〈h
c
1, . . . , h
c
m〉Zp in a natural way.
Since Hc is a torsion-free Hall Zp-group, by Remark 4.1, we have that it is a pro-p group.
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Since F(X)c is a free Hall Zp-group, so θc : F(X)c → Hc →֒ F(A)c is a well-defined homomorphism,
it can be explicitly described by the following formula
θc : w
c(X) 7→ wc(hc1, . . . , h
c
m),
where wc ∈ F(X).
Since hci is simply the c-truncation of hi, it is clear that there is a natural homomorphism ψ
c+1
c :
Hc+1 → Hc so that ψ
c+1
c (θc+1(w
c+1(X))) = θc(w
c(X)).
Thus, we obtain the inverse spectrum 〈Hc;ψ
c+1
c (Hc+1) = Hc〉 of pro-p groups, where c ∈ N. Let
H be the inverse limit of this spectrum. Taking the limit of the maps θc, we obtain a well-defined
homomorphism θ : F(X)→ F(A) described by the formula:
θ : w(x1, . . . , xm) 7→ w(h1, . . . , hm).
We call the homomorphism θ the substitution map. The group θ(F(X)) < F(A,R) is isomorphic to
H and is a pro-p group.
Definition 4. We call the pro-p groupH constructed above the pro-p subgroup of F(A,R) generated
by the elements {h1, . . . , hm} and denote it by H = 〈h1, . . . , hm〉F.
We summarise the discussion above in the following
Proposition 5.1. The substitution homomorphism θ : F(X)→ im(θ) ≃ H < F(A,R) is a contin-
uous map.
Theorem 5.2. Let H be a finitely generated pro-p subgroup of F(A,R), H = 〈h1, . . . , hm〉F, then
H is fully residually F and hence is a coordinate group of an irreducible algebraic set over F.
Proof. From Theorem 4.2, it follows that the abstract group H is fully residually F. Since F is
the free pro-p group and the pro-p topology of the finitely generated pro-p group H is uniquely
determined by the group structure (see [Wil99, Theorem 4.3.5]), it follows that the discriminating
family is in fact continuous. 
Remark 5.3. As we mentioned in the introduction, for the class L of finitely generated pro-p
subgroups of sequences of extensions of centralisers of the free pro-p group introduced in [KZ11], it
is not known whether L contains only fully residually free pro-p groups. In fact, there is a natural
epimorphism π from extensions of centralisers of the free pro-p group to pro-p subgroups of the free
pro-Hall Zp[t]
bin-group. For example,
H = 〈F(a, b), s | [s, C(w(a, b))] = 1〉 → 〈a, b, w(a, b)t〉F < F({a, b},Zp[t]
bin
).
Moreover, iterated sequences of extensions of centralisers are fully residually F if and only if the
natural epimorphism π is an isomorphism. Indeed, the family of homomorphisms φα : Zp[t] → Zp
induced by the maps t 7→ α is discriminating, here α runs over non-trivial elements of Zp. By
Theorem 4.2, the family {φα} induces a discriminating family {φ˜α} from the group F(X,Zp[t]
bin)
to F(X,Zp) that maps w
t to wα. On the other hand, any homomorphism ψ from H to F satisfies
that ψ(s) ∈ C(w) = 〈wα | α ∈ Zp〉. Therefore, ψ extends to a homomorphism φ˜α for some α ∈ Zp
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and the following diagram is commutative:
H
ψ

// // 〈a, b, w(a, b)t〉F
φ˜αvv♠♠♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
F({a, b},Zp)
In particular, if H is fully residually F({a, b},Zp), then by definition for every h ∈ H there exists
ψ : H → F({a, b},Zp) injective on h and by the commutativity of the diagram it follows that π(h)
is a non-trivial element of 〈a, b, w(a, b)t〉F. We conclude that if H is fully residually F({a, b},Zp),
then π is also injective and so an isomorphism.
Every finitely generated pro-p subgroup of F(A,Rbin), where R belongs to the universal class of
Zp (in the language with constants), is discriminated by the free pro-p group. We believe that the
converse also holds and formulate the following conjecture.
Conjecture 1.
(1) Let G be a finitely generated fully residually F pro-p group, then there exists a finitely
generated binomial Zp-algebra R = R(G) from the universal class of Zp so that G embeds
into the free pro-Hall R-group F(A,R).
(2) The universal class of Zp contains a Zp-ring S so that any finitely generated fully residually
F pro-p group embeds into the free pro-Hall S-group F(A,S). The ring S is a universal
ring for the class of finitely generated Zp-rings from the universal class of Zp, that is S is
a Zp-ring, it is fully residually Zp and every finitely generated Zp-ring from the universal
class of Zp is a subring of S.
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